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various examples as possible, in order to show the full richness of the ideas
introduced. The, most important of these examples are connected with the
notion of Lie group (which will be studied in greater depth in Chapters
XIX and XXI) and the closely related notion of homogeneous spaces. It is a
fact of experience that the most important manifolds in applications are
homogeneous space (for example, the upper half-plane Jz > 0 is a homo-
geneous space of the unimodular group SL(2, R)). From the fact that such
a space can be put in the form G/H, one has algorithms available arising
from the group structure of G; the precept of "lifting everything up to the
group " has shown its validity in all studies of homogeneous spaces, and the
reader will have many opportunities to see it in action.

From Section 16.21 gnwards, we can at last begin to study some ele-
mentary global questions on differential manifolds: orientation (16.21),
integration on a manifold (16.22-16.24), elementary properties of approxi-
mation and homotopy (16.25 and 16.26), and finally the theory of covering
spaces, limited to differential manifolds (16.27-16.30).

1. CHARTS, ATLASES, MANIFOLDS

Let X be a topological space. A chart of X is a triplet c = (U, <p, ri),
where U is an open set in X, n is an integer ^0, and <p is a homeomorphism
of U onto an open set in Rn. The integer n is called the dimension of the chart c,
and the open set U is its domain of definition. If V is an open set contained in
U, it is clear that the restriction <p\V is a homeomorphism of V onto an
open set in Rn, and therefore c \ V = (V, cp \ V, n) is a chart, called the restric-
tion of c to V.

Consider two charts c = (U, cp, n) and c = (U, <p', n') of X with the
same domain of definition U. They are said to be compatible if the two
homeomorphisms

(called the transition homeomorphisms) are indefinitely differentiate (8.12).
This implies that, for each xe<p(U), the derivative D(<p' o (p'1)^) is a
bijective linear mapping of Rw onto R"', hence n = n.

(16.1.1) For two charts (U, <p, n) and (U, q>', n) with the same domain of
definition to be compatible, it is necessary and sufficient that q>' o cp'1 should
be an indefinitely differentiate bijection of <p(U) onto <p'(U) whose derivative
(p"1) has rank n at every point of(p(V).y
